Abstract. Recently P. Hubert, C. Mauduit and A. Sárközy introduced and studied the notion of pseudorandomness of binary lattices and gave a pseudorandom binary lattice. Later in other papers C. Mauduit and A. Sárközy constructed some large families of "good" binary lattices. In this paper a large family of pseudorandom binary lattices is presented by using the multiplicative inverse and the quadratic character of finite fields.
Introduction and results
Pseudorandom binary sequences play an important role in cryptography, so in a series of papers a new constructive approach has been developed to study the pseudorandomness of the binary sequences E N = (e 1 , e 2 , · · · , e N ) ∈ {−1, +1} N .
Measures of pseudorandomness were introduced by C. Mauduit and A. Sárközy [17] , and properties of the measures have been studied in [1] , [2] and [18] . Later many pseudorandom binary sequences were given and studied (see [3] , [4] , [6] , [7] , [8] , [9] , [11] , [12] , [13] , [15] , [16] , [19] , and [23] ). For example, let p be an odd prime, e (1) n = n p , and E
(1)
1 , e
2 , · · · , e (1) p−1 . C. Mauduit and A. Sárközy [17] proved that E (1) p−1 forms a good pseudorandom binary sequence. Let n be the multiplicative inverse of n modulo p such that 1 ≤ n ≤ p − 1 and nn ≡ 1(modp). Denote e (2) n = (−1) n+n n p and E (2) p−1 = e (2) 1 , e
2 , · · · , e (2) p−1 . The author [12] studied the pseudorandomness of E (2) p−1 . Moreover, let f (x), g(x) ∈ F p [x] , and 
where R p (x) denotes the unique r ∈ {0, 1, · · · , p − 1} with x ≡ r(modp). Define
2 , · · · , e
was studied in [7] , [15] and [14] , respectively. P. Hubert, C. Mauduit and A. Sárközy [10] extended this constructive theory of pseudorandomness to several dimensions. Let I n N denote the set of the n-dimensional vectors all of whose coordinates are selected from the set {0, 1, · · · , N − 1}:
is called an n-dimensional binary N -lattice or briefly a binary lattice. If k ∈ N, and u i (i = 1, · · · , n) denotes the n-dimensional unit vector whose i-th coordinate is 1 and the other coordinates are 0, then write
where the maximum is taken over all n-dimensional
, and all the points j 1 b 1 u 1 +· · ·+j n b n u n +d i occurring in the multiple sum belong to the n-dimensional N -lattice I n N . Then Q k (η) is called the pseudorandom measure of order k of η. An n-dimensional binary Nlattice η is considered as a "good" pseudorandom binary lattice if Q k (η) is "small" in terms of N for small k. P. Hubert, C. Mauduit and A. Sárközy [10] proved that this terminology is justified since for a fixed k ∈ N and for a truly random
with probability > 1 − . Let p be an odd prime, n ∈ N, q = p n , and denote the quadratic character of
has no multiple zero in F q , and define
Mauduit and A. Sárközy [20] proved that
Moreover, define the boxes B *
Mauduit and A. Sárközy [21] showed that
Now we give a family of pseudorandom binary lattices. Define the boxes
We shall prove the following: Theorem 1.1. If p, q, n, B and η are defined as above, k ∈ N, and one of the following conditions holds:
has no multiple zero in F q , and
Taking f = 1 and g = 1 in our construction, we have η = η 1 . Furthermore, E
p can be considered as special cases of our construction for n = 1.
Some lemmas
To prove Theorem 1.1, we need the following lemmas.
Lemma 2.1. Let F q be a finite field of characteristic p, and let ψ be a nontrivial additive character and χ a multiplicative character on
S is the set of poles of f and g. If one of the following conditions holds:
has no multiple zero in F q and is not of a d-th power, then we have 
one of the following conditions holds: (i) R(x) Q(x) and there is no polynomial
has no multiple zero in F q and is not of a d-th power, then we have
where l is the number of distinct and (noninfinite) poles of g in F q .
Proof. This lemma can be deduced from Lemma 2.1 in the same way as Lemma 4 is derived from Lemma 3 in [21] with slight modifications. For completeness we give a detailed proof. It is not hard to show that
Assume that there are polynomials K, L ∈ F q [x] with (K, L) = 1 and
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Since R(m) | (Q(m) + hmR(m)) (L(m)) p and R(m) Q(m), we get deg(L(m)) >

On the other hand, from (L(m))
p | K(m)R(m) (K(m)) p−1 − (L(m)) p−1 and (K(m), L(m)) = 1 we have (L(m)) p | R
(m), which contradicts Condition (i). That is to say, if R(x) Q(x) and there is no polynomial
On the other hand, from (3.21) of [21] we have (2.3)
Now combining (2.1)-(2.3) we immediately get the following lemma.
Lemma 2.3. Let q = p n and F q be a finite field, s 1 , · · · , s m be nonzero elements of F
q , y 1 , · · · , y m be distinct elements of F q , g(x) ∈ F q [x]. Define Q(x) = m i=1 s i 1≤j≤m j =i g(x + y j ) with g(x + y 1 ) · · · g(x + y m ) = 0.
If g(x) has no multiple zero in
is not the 0 polynomial. Proof. This is Lemma 1 of [21] .
Lemma 2.4. Let q = p
n and F q be a finite field,
has at least one zero in F q whose multiplicity is odd. 
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If one of the following conditions holds: (i) g(x)
and
First we suppose that g(x) has no multiple zero in F q and 0 < m,
by Lemma 2.3 we know that
is not the 0 polynomial. Then we have R(x) Q(x).
Next assume that h(x) has no multiple zero in F q , 0 < deg(h) < p, and k = 2 or 4 n(deg(h)+k) < p. By Lemma 2.4 we know that H(x) has at least one zero in F q whose multiplicity is odd. Then H(x) cannot be a 2-nd power. Now from Lemma 2.2 we immediately get
3. Proof of Theorem 1.1
Let q = p n and F q be a finite field, and let ψ 1 be the canonical additive character of F q . Let b 1 , · · · , b n be positive integers, and write
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we have
It is easy to show that
, where a ∈ F q and h 1 (x) is a monic polynomial. Noting that 1 q
Using the methods of (3.26)-(3.29) in [21] 
